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ABSTRACT
Fast radio bursts (FRBs) are mysterious radio transients whose physical origin is still unknown.
Within a few astronomical units near an FRB source, the electric field of the electromagnetic wave is
so large that the electron oscillation velocity becomes relativistic, which makes the classical Thomson
scattering theory and the linear plasma theory invalid. We discuss FRBs as strong waves interacting
with the ambient medium, in terms of both electron motion properties and plasma properties. Several
novel features are identified. 1. The cross section of Thomson scattering is significantly enhanced for
the scattering photons. 2. On the other hand, because of the nonlinear plasma properties in strong
waves, the near-source plasma is more transparent and has a smaller effective dispersion measure
(DM) contribution to the observed value. For a repeating FRB source, the brighter bursts would have
somewhat smaller DMs contributed by the near-source plasma. 3. The radiation beam undergoes
relativistic self-focusing in a dense plasma, the degree of self-focusing (or squeezing) depends on the
plasma density. Such a squeezing effect would affect the collimation angle and the true event rate of
FRBs. 4. When an FRB propagates in a nearby ambient plasma, a wakefield wave in the plasma
will be generated by the ponderomotive force of the FRB and accelerates electrons in the ambient
medium. However, such an effect is too weak to be observationally interesting.
Subject headings: radiation mechanisms: non-thermal
1. INTRODUCTION
Fast radio bursts are mysterious radio tran-
sients with milliseconds-durations and large dis-
persion measures (DMs) (e.g. Lorimer et al.
2007; Thornton et al. 2013; Chatterjee et al.
2017; CHIME/FRB Collaboration et al. 2019a,b;
Bannister et al. 2019; Ravi et al. 2019). The isotropic
all-sky distribution and DM excess with respect to the
Galactic contribution suggest that they are at cosmo-
logical distances (Thornton et al. 2013; Shannon et al.
2018). Precise localizations of a few FRBs firmly
confirmed this (Chatterjee et al. 2017; Bannister et al.
2019; Ravi et al. 2019; Prochaska et al. 2019). This im-
plies very high luminosities of the bursts, which together
with the short durations, imply extremely high bright-
ness temperatures of the order TB ∼ 1035 K. Hence,
the radiation mechanism of FRBs are required to be
extremely coherent. Possible models include bunching
curvature radiation (Katz 2014, 2018; Kumar et al. 2017;
Ghisellini & Locatelli 2018; Yang & Zhang 2018) and
maser mechanisms (Lyubarsky 2014; Beloborodov 2017,
2019; Ghisellini 2017; Lu & Kumar 2018; Metzger et al.
2019). The emission is so far only detected in a narrow
band around ∼ 1 GHz. The spectral extension of FRB
emission to higher energies (both the same emission
mechanism and the self-Compton emission) during the
prompt emission phase (e.g. fast optical bursts) is
likely weak (Yang et al. 2019), but it is possible that
FRB sources may produce transients in other bands for
different progenitor models (see, e.g. Platts et al. 2019).
As radio transients at cosmological distances, FRBs
can serve as tools for studying the intergalactic
medium (IGM), the interstellar medium (ISM), and
the near-source plasma via the classical linear plasma
theories (e.g. Deng & Zhang 2014; Ravi et al. 2016;
Xu & Zhang 2016; Yang & Zhang 2017; Zhang 2018a;
Prochaska et al. 2019). However, since the electric field
of the electromagnetic wave is very large at the ambi-
ent medium of an FRB source, the oscillation velocity
vos of the accelerated electrons should be relativistic,
i.e., vos ∼ c, (Luan & Goldreich 2014; Lyutikov et al.
2016; Beloborodov 2019; Lyubarsky 2019; Margalit et al.
2019; Gruzinov 2019; Kumar & Lu 2019; Lu & Phinney
2019). In this case, the classical Thomson scattering
theory and the linear plasma theory become invalid,
and some peculiar properties, e.g., cross section en-
hancement, self-induced transparency, relativistic self-
focusing, and wakefield acceleration, will play impor-
tant roles in delineating the propagation properties of
the strong waves (e.g. Zel’dovich 1975; Gibbon 2005;
Esarey et al. 2009; Macchi 2013).
In this work, we discuss FRBs as strong waves inter-
acting with the ambient medium and the corresponding
observation properties. We first discuss the condition for
FRB emission as strong waves in Section 2. We then an-
alyze the particle (Section 3.1) and plasma (Section 3.2)
properties in strong waves in Section 3. The results are
summarized in Section 4 with some discussion.
2. FAST RADIO BURSTS AS STRONG WAVES
We consider an FRB source at a distance d from Earth.
Then its flux density at a distance r from the source can
be written as
Fν =
(
d
r
)2
Sν , (1)
where Sν is the observed FRB flux density. The cor-
responding electric field strength of the electromagnetic
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wave is
E ∼
(
4piνFν
c
)1/2
. (2)
In the classical Thomson scattering theory, the motion of
an electron is considered as non-relativistic, and is mainly
affected by the electric field force in the wave. However,
at high intensities, since electrons are accelerated to rel-
ativistic speeds, the Lorentz force is comparable to the
electric force, e.g., (e/c)(v ×B) ∼ eE for v ∼ c. In this
case, the electron motion is regulated by the electric and
Lorentz forces together. Meanwhile, the corresponding
motion becomes relativistic and is a nonlinear function
of the driving field. In order to describe the strong-wave
effect, one generally defines the strength parameter as
a=
vos
c
=
eE
mecω
=
eS
1/2
ν d
pi1/2mec3/2ν1/2r
=1.2
(
Sν
Jy
)1/2 ( ν
GHz
)−1/2( d
Gpc
)( r
AU
)−1
, (3)
where vos = eE/meω is the typical oscillation velocity
due to the electric force. For a wave with a ≪ 1, the
classical treatment of the Thomson theory is valid. How-
ever, for a & 1, one enters the regime of “strong waves”.
The relativistic motion of electrons and the Lorentz force
contributed by the waves must be considered. According
to Eq.(3), a critical radius rc is defined via a(rc) ≡ 1,
which gives (Luan & Goldreich 2014)
rc=
eS
1/2
ν d
pi1/2mec3/2ν1/2
≃ 1.8× 1013 cm
(
Sν
Jy
)1/2 ( ν
GHz
)−1/2( d
Gpc
)
. (4)
When an FRB propagates at r . rc ∼ a few AU,
its interactions with electrons microscopically and with
plasma macroscopically must be treated with the strong-
wave theory for a≫ 1. We may call it the “FRB-within-
AU” problem. Considering that the scale of the emission
region of an FRB satisfies r & cτ ≃ 3× 107 cm(τ/1 ms),
according to Eq.(3), the upper limit of the strength pa-
rameter satisfies
a . 6× 105
(
Sν
Jy
)1/2 ( ν
GHz
)−1/2( d
Gpc
)( τ
1 ms
)−1
.(5)
3. PARTICLES AND PLASMA IN STRONG WAVES
3.1. Free electron in strong waves
In this section, we briefly discuss the electron mo-
tion properties in strong waves. The strong-wave prob-
lem has been solved in the classical theory with exact
allowance for relativistic mechanics and Lorentz forces
(Sarachik & Schappert 1970). We assume that an elec-
tron is initially at rest at the origin in the laboratory, and
the incident wave is transverse, plane, and elliptically po-
larized. As the electromagnetic waves pass across an elec-
tron, the electron would move due to the electromagnetic
interaction, and its motion contains three components:
• the classical harmonic motion transverse to the
wave direction due to the electric field;
• the longitudinal harmonic motion due to the
Lorentz force;
• the drift motion along the propagation direction of
the waves1.
After a wave pulse passes by, the harmonic motion and
the drift velocity die out due to the ponderomotive force.
The electron again becomes at rest in the laboratory. For
strong waves with a frequency ω and a duration T ≫
1/ω, the drift velocity along the direction of the waves is
(Sarachik & Schappert 1970)
vD ≃ a
2
a2 + 4
c, (6)
which corresponds to a Lorentz factor of ΓD ≃ a/2
√
2
for a ≫ 1. In the oscillation-center rest frame (where
the cycle-averaged position is at rest, i.e., vD = 0), the
motion of the electron is relativistic with a mean Lorentz
factor of γ¯′ ∼ a for a≫ 1.
Let us define that the incident wave travels along the
+z direction, that the classical harmonic oscillation by
the electric field force is in the xy plane, that the sec-
ond harmonic oscillations by Lorentz force is in the z
direction, and that the drift velocity vD is along the +z
direction. In particular, for circular polarization, the os-
cillating z motion vanishes so that the resulting orbit
is helical. In the oscillation-center rest frame, the elec-
tron orbit is circular in the xy plane with a constant
local Lorentz factor γ′ = a/
√
2 (Sarachik & Schappert
1970). For linearly polarization, the orbit is a “figure-
of-eight trajectory” in the xz plane in the oscillation-
center rest frame, and the electron moves slowest on
the round part of the orbit and fastest on the straight
part (Sarachik & Schappert 1970), as shown in Figure
1. Such a figure-of-eight trajectory has been confirmed
in the experiments of the nonlinear Thomson scattering
(Chen et al. 1998). As the parameter a gets smaller, the
orbit approaches the one-dimensional harmonic oscillator
in the low-intensity treatment of Thomson scattering.
We should note that the above discussion assumes that
the electron motion is in an external electromagnetic field
that is independent of the electron motion. However,
the electromagnetic field radiated by the electron itself
would react on the electron dynamics, which is known as
“radiation friction”. Due to the radiation friction force,
in the oscillation-center rest frame the electron trajectory
would open up (e.g. Zel’dovich 1975; Macchi 2013).
The electron motion determines its radiation. In the
oscillation-center rest frame, the electron motion is rela-
tivistic with the mean Lorentz factor of γ¯′ ∼ a for a≫ 1.
The radiation is confined to a narrow cone of 1/γ′ along
the electron velocity, and the corresponding spectrum
therefore contains higher harmonics of the fundamental
frequency with which the electron rotates. Similar to
synchrotron radiation, the maximum harmonic number
would be m ∼ γ′3 ∼ a3, which corresponds to a criti-
cal frequency of ω′c ∼ a3ω′0, where ω′0 is the fundamen-
1 For a plane wave with an infinite duration, the oscillation center
of the electron is always at rest according to the Thomson scatter-
ing theory. Realistically, for an electromagnetic pulse with a finite
duration, a ponderomotive force from the electromagnetic pulse
would accelerate the oscillation center, leading to a drift velocity
along the propagation direction of the waves.
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Fig. 1.— The “figure-of-eight” trajectory of an electron under
the strong linearly polarized wave. The arrows on the side denote
the polarization of the wave.
tal frequency in the rest frame. In the observer frame,
due to the relativistic drift motion with Lorentz factor
of ΓD ∼ a, according to the Doppler effect, the observed
frequency would become ω ∼ aω′ for a≫ 1 along the line
of sight. Meanwhile, the relativistic drift motion would
make radiation predominantly forward and confined to
an angle of θ ∼ 1/ΓD ∼ 1/a. At last for a ≫ 1, the
mean total received power by an observer is larger than
that given by the Thomson formulas by approximately a
factor a2 (Sarachik & Schappert 1970), i.e.,
P ∼ a2PT , (7)
where PT = e
4E2/3m2ec
3 is the mean received power
given by the Thomson formula. Notice that in Eq.(7) P
is the received power that has been corrected by the re-
tardation effect (e.g. Rybicki & Lightman 1979). If one
focuses on the emitted power Pe, one has Pe ∼ PT as
pointed out by Gunn & Ostriker (1971). Considering
that the energy flux in the waves is S = cE2/8pi, the cross
section for scattering photons is approximately given by
σ =
P
S
∼ a2σT ≃ 8pie
6E2
3m4ec
6ω2
(8)
Therefore, for a ≫ 1, the cross section for scattering
photons would be much larger than the Thomson cross
section by a factor of ∼ a2. After scattering, the forward
radiation of the electron in the propagation direction of
the strong waves would weaken the injection waves be-
cause of the energies scattered to other directions.
At last, we discuss the ponderomotive force con-
tributed by a pulse of electromagnetic waves. For an infi-
nite monochromatic plane wave, the oscillation center of
an electron is always at rest. The “realistic” electromag-
netic fields are not perfectly monochromatic plane waves,
but have finite widths and durations. For a wave with a
finite width and duration, besides the fast harmonic mo-
tion, the oscillation center would be accelerated by the
ponderomotive force. In the non-relativistic regime, the
ponderomotive force is
Fp = −∇Φ = −1
2
mec
2∇ 〈a2〉 (9)
where Φ = e2 〈E〉 /2meω2 is the ponderomotive poten-
tial, a = eA/mec
2, and A = ∇×B is the vector poten-
tial. The result of ponderomotive force is that electrons
will be expelled from the regions where the electric field
is higher, which can be viewed as the radiation pres-
sure. In the relativistic regime, the ponderomotive force
is (Bauer et al. 1995; Mulser & Bauer 2010)
Fp = −mec2∇
(
1 +
〈
a2
〉)1/2
. (10)
Similar to the non-relativistic regime, for the relativis-
tic regime (a & 1) electrons would be scattered off from
regions where the electric field is higher. Due to the pon-
deromotive force, a wakefield in plasma would form and
electrons in plasma would be accelerated by the wakefield
wave, as discussed in Section 3.2.2.
3.2. Plasma in strong waves
In this section, we consider the plasma properties un-
der the propagation of strong waves. In strong waves,
the motion of electrons in the plasma becomes relativis-
tic. However, different from free electrons that have
a relativistic drift velocity in the direction of the inci-
dent electromagnetic wave (see Section 3.1), in plasma
the space-charge potential is important in preventing
the drift of electrons (Waltz & Manley 1978). For non-
relativistic electrons in plasma, if the wave duration τ is
much larger than c/ωp, where ωp =
√
4pie2ne/me is the
plasma frequency, the drift velocity would be close to
zero (Waltz & Manley 1978; Sprangle et al. 1990b). In
this case, electrons in plasma under a strong wave would
have a typical Lorentz factor (γ′) similar to that (γ) in
the laboratory frame, so that γ ∼ γ′ ∼ a is satisfied. Due
to the relativistic and magnetic force effects, the prop-
agation and dispersion properties of an electromagnetic
wave depend on its amplitude. For a circular polarized
wave, the disperse relation in the laboratory frame is
given by (e.g., Gibbon 2005; Macchi 2013; Macchi et al.
2013, see Appendix A)
ω2 = k2c2 +
ω2p
γ
, γ = (1 + a2/2)1/2. (11)
The dispersion relation of strong electromagnetic waves
is altered due to the effective electron mass increased
by the relativistic effect (e.g. Sarachik & Schappert 1970;
Gibbon 2005; Macchi 2013). One can define the effective
plasma frequency as
ωp,eff =
ωp√
γ
, (12)
so that the wave can propagate in the region where ω >
ωp,eff = γ
−1/2ωp. With respect to the non-relativistic
linear case, this is known as relativistically self-induced
transparency. We note that since the dispersion depends
on the electromagnetic field amplitude in the nonlinear
case, the dispersion relation must be taken with care.
The propagation of a pulse will be affected by the com-
plicated effects of nonlinear propagation and dispersion,
and finally the spatial and temporal shape of the pulse
itself would also be modified. In particular, for linear
polarization, the relativistic factor γ is not a constant
(see Section 3.1). The propagation of the linearly po-
larized wave with a relativistic amplitude would lead to
generation of the higher order harmonics. Sprangle et al.
(1990b) proved that the propagation of the first harmonic
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component, i.e. of the main wave, is still reasonably de-
scribed by Eq.(11) with γ → 〈γ〉. Thus, we will directly
adopt Eq.(11) in the following discussion.
According to Eq.(11), the effective cut-off electron den-
sity is
nc =
γmeω
2
4pie2
≃ meω
2a
25/2pie2
, for a≫ 1. (13)
The plasma with electron number density ne < nc(ω)
would be transparent for the electromagnetic waves with
a frequency ω. According to the dispersion relation given
by Eq.(11), the group velocity of the electromagnetic
waves is
vg =
∂ω
∂k
= c
[
1− ω
2
p
ω2(1 + a2/2)1/2
]1/2
≃ c
[
1− 1√
2a
ω2p
ω2
]
,
(14)
where ω ≫ ωp and a ≫ 1 is assumed. Replacing ωp
with ωp,eff , for an ambient medium with a free electron
number density ne(r), the effective DM with r < rc is
DMeff =
∫ rc
re
ne(r)
γ
dr ≃
√
2
a0
∫ rc
re
ne(r)
r
re
dr, (15)
where re is the radius of the emission region, rc is the crit-
ical radius given by Eq.(4), and the strength parameter
is assumed to be a = a0(re/r) due to the inverse-square
law of the flux. For the uniform ambient medium, the
effective DM is DMeff = ner
2
c/
√
2a0re ∼ nerc/
√
2 ∼ DM
due to a0re/rc ∼ 1. Thus, the effective DM with rc is
of the order of magnitude of the classical DM, because
most DM is contributed by the plasma at the scale of
∼ rc (corresponding to a ∼ 1). However, for the wind
medium with ne(r) = ne,0(re/r)
2, the effective DM, i.e.,
DMeff = (
√
2/a0)ne,0re ln(rc/re), would be much smaller
than the classical DM with DM =
∫
ne(r)dr ≃ ne,0re for
a0 ≫ 1. The DM contribution near the FRB source
would be significantly suppressed due to the strong-wave
effect. This is relevant to, for example, synchrotron
maser models invoking relativistic magnetized shocks in
a steady magnetar wind with ne ∝ r−2 (e.g. Beloborodov
2017, 2019; Metzger et al. 2019; Margalit et al. 2019).
In this case, the dispersion relation would involve the
strong-wave effect, leading to the near-source plasma
more transparent and therefore a smaller effective DM.
Some FRBs, e.g, FRB 180924 (Bannister et al. 2019),
have a small observed DM which might be mostly ac-
counted for by the contribution from the intergalactic
medium, implying a negligibly small DM from the FRB
near-source plasma. Our results show that it is still pos-
sible that the near-source plasma column density is not
too small as long as it is confined within 1 AU from the
source with a stratified wind density profile. At last,
as discussed above, for a repeating FRB source, consid-
ering the strong-wave effect, the brighter bursts would
have somewhat smaller DMs contributed by the near-
source plasma2. In particular, the DMs contributed by
the near-source plasma with a few times of re satisfies
2 Lu & Phinney (2019) independently reached the similar qual-
itative conclusion even though quantitatively they used a different
dispersion relation.
DM ∝ a−10 ∝ ν1/2S−1/2ν , where ν is the burst frequency,
and Sν is the observed burst flux density.
3.2.1. Relativistic Self-Focusing
ΔL
Z
v (θ)
v (0)
α
p
p
wave front parallel
α
O
Fig. 2.— Geometry for self-focusing effect. The electromagnetic
waves are emitted at point O, and the intensity at the beam center
is larger than that at θ, i.e., a(0) > a(θ). According to Eq.(16),
the phase velocity at the beam center, vp(0), will be smaller than
that at θ, vp(θ). After propagating a distance of Z, the global
wave becomes planar. α corresponds to the focusing angle, and
∆L corresponds to the light path difference.
The dispersion relation, Eq.(11), predicts that a strong
wave would undergo self-focusing for a structured beam.
According to Eq.(11), the phase velocity is given by
vp =
ω
k
= c
[
1− ω
2
p
ω2(1 + a2/2)1/2
]−1/2
≃ c
[
1 +
1√
2a
ω2p
ω2
]
(16)
where ω ≫ ωp and a ≫ 1 is assumed. We consider
that the FRB radiation is beamed with a typical angle
of θ0: the flux is maximum at the center of the beam and
decreases towards edge, i.e., a(θ0) < a(0). The nonlinear
refractive index is n = c/vp =
√
1− ω2p/γ(a)ω2, which
is intensity-dependent. This suggests that the refractive
index is maximum at θ = 0 and decreases with θ. The
phase velocity difference ∆vp between wave A at θ = 0
and wave B at θ = θ0 is
∆vp
c
=
(
1
a(θ0)
− 1
a(0)
)
ω2p√
2ω2
≃ ω
2
p√
2ω2
1
a(θ0)
.
(17)
Here a(θ0) ≪ a(0) is assumed. As shown in Figure 2,
the maximum light path difference between θ = 0 and
θ = θ0 is
∆L ≃ |∆vp/c|max Z ≃ α2Z. (18)
As shown in Fig.2, the phase velocity at the angle α
is greater than that in the zero angle direction, so that
at distance Z the global wave becomes planar, with the
wavefront denoted as the dashed line. Therefore, the
focusing angle of the beam is given by
α ≃
∣∣∣∣∆vpc
∣∣∣∣
1/2
max
≃ 1
21/4a1/2(θ0)
ωp
ω
(19)
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for r . rc. The maximum focusing angle corresponds to
3
a(θ0) ∼ 1, thus one has
αmax ≃ 1
21/4
ωp
ω
≃ 0.8
( ν
1 GHz
)−1 ( ne
1010 cm−3
)1/2
(20)
We consider that a radiation beam has an origi-
nal beaming angle of θj . Because of the relativistic
self-focusing effect, the beaming angle would squeeze
and become ∼ (θj − α). In some FRB models
invoking synchrotron maser emission from relativis-
tic blast waves (e.g. Metzger et al. 2019; Beloborodov
2019; Margalit et al. 2019), the electron number den-
sity near the maser emission region could be high for
the wind external medium. We assume that the in-
trinsic beaming angle is θj . For θj ∼ α, i.e., ne ∼
2× 108 cm−3(θj/0.1)2(ν/1 GHz)2, the FRB beam would
be squeezed by the relativistic self-focusing effect signifi-
cantly, leading to a smaller observation probability than
the classical picture. If most FRBs are affected by the
squeezing effect, the true event rate density would be-
come ρ ∝ (θj − α)−2, in which case the true event rate
density would be much larger than that constrained by
the current observations (e.g. Cao et al. 2018). Further-
more, if θj < α, the FRB propagation would be similar
to what happens in an optical fiber. Such an FRB is
almost impossible to detect due to the extremely narrow
beam.
3.2.2. Electron acceleration in wakefield waves
In general, the dispersion relation of electrostatic waves
in a cold plasma is ω = ωp for any wave-vector k. Thus,
the wavelength of the electrostatic waves in plasma is
determined by the way the wave is excited. We con-
sider that a charged particle is accelerated by the pon-
deromotive force traveling in the plasma at a velocity
vf . As discussed in Section 3.1, the ponderomotive force
would cause the charged particle expelled from the re-
gions where the electric field is higher, similar to the
effect of radiation pressure, i.e., Fp ∝ −m∇
〈
a2
〉
for
a ≪ 1 and Fp ∝ −m∇〈a〉 for a & 1, where m is the
particle mass. Since the electron mass is much smaller
than the proton mass, electrons are easier to be accel-
erated than protons. When the electrons are away from
the equilibrium positions, an electrostatic field is gen-
erated in the plasma, leading to the generation of an
electrostatic wave due to plasma oscillation. This is the
so called wakefield waves. Such an effect was first pro-
posed by Tajima & Dawson (1979) and has been expen-
sively applied to the field of laser-driven plasma accel-
eration (reviewed by Esarey et al. 2009). Since the os-
cillation is produced at the ponderomotive force front,
the phase velocity of the wakefield wave is equal by con-
struction to the velocity of the force perturbation, i.e.,
vp = ωp/k = vf .
3 For weak waves with ω ≫ ωp and a(θ) ≪ 1 at 0 < θ <
θ0, similar to the above discussion, the focusing angle is α ≃
(a(0)/2
√
2)(ωp/ω).
Fig. 3.— Wakefield excitation. The curvature line represents
the pulse of an electromagnetic wave. The positive circles repre-
sents protons, and the negative circles represents electrons. eE is
the electric force, and Fp is the ponderomotive force by the elec-
tromagnetic wave pulse. When the electromagnetic wave pulse
propagates in the plasma, the ponderomotive force from the wave
pulse would accelerate the electrons in the plasma. At the pulse
front, the ponderomotive force points to the direction of the pulse
propagation. At the pulse tail, the ponderomotive force points
to the anti-direction of the pulse propagation. After the electro-
magnetic wave pulse propagates in plasma, an electrostatic wave
would be generated due to the plasma oscillation, which is called
the wakefield wave.
We first consider electron acceleration in the wakefield
wave of the incident electromagnetic wave with a ≪ 1.
In the plasma, the total electron number density is pos-
itive, i.e., ne = ne,0 + δne > 0, leading to |δne| 6 ne,0.
Assuming that the wakefield wave propagates along the x
axis, according to the Gauss’ law, e.g, ∂xEx = −4pieδne,
using ∂x ∼ k = ωp/vp where ωp = (4pie2ne,0/me)1/2 is
the plasma frequency and vp is the phase velocity of the
wakefield wave, one has the electric field strength of the
wakefield wave satisfying |Ex| 6 E0 = mevpωp/e. In
an underdense plasma, the group velocity of the electro-
magnetic wave is vEMg ≃ c. Meanwhile, the wakefield
wave is excited by the ponderomotive force created by
the electromagnetic wave. Thus, the wakefield wave has
the phase velocity of vp = v
EM
g ≃ c for ω ≫ ωp. The
upper limit of the wakefield wave is determined by
E0 ≃ mecωp
e
. (21)
According to the properties of the ponderomotive force,
i.e., Fp ∝ −m∇
〈
a2
〉
for a ≪ 1, an electron is acceler-
ated at the wavefront, and decelerated at waveback, see
Figure 3. When the acceleration timescale of the pon-
deromotive force is approximately equal to the plasma
oscillation timescale, the resonance condition would be
satisfied. Thus, the wakefield wave is most effectively
generated when the electromagnetic wave pulse length
∼ cτ is roughly matched to the wavelength λp of the
wakefield wave (Tajima & Dawson 1979), i.e.,
cτ ∼ λp = 2pic
ωp
(22)
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In particular, for an FRB with a duration of τ ≃ 1 ms,
the typical electron number density for the enhanced
wakefield wave is approximately
ne ≃ pime
e2τ2
≃ 0.01 cm−3
( τ
1 ms
)−2
. (23)
It is interesting that such an electron number density
is close to the typical number density of the interstellar
medium (ISM). Therefore, when an FRB propagates in
the ISM, a wakefield wave would be effectively generated,
especially in the region with a density ne ∼ 0.01 cm−3.
We notice that Eq.(21) gives the maximal electric field in
the wakefield wave, which implies a complete charge sep-
aration. As the electromagnetic wave propagates, the
ponderomotive force becomes weak, leading to an in-
complete charge separation and a weaker maximum elec-
tric field in the wakefield wave satisfying eEmax ∼ Fp.
According to Eq.(9), the ponderomotive force is Fp ∼
meca
2/τp ∼ mecωpa2 for a ≪ 1, where τp ∼ 1/ωp is the
typical timescale of the ponderomotive force acting on
the plasma. According to Emax ∼ Fp/e and Eq.(21), for
a≪ 1, the maximum electric field in the wakefield wave
is
Emax ∼ a2E0. (24)
The electric field in the wakefield wave would accelerate
electrons in the plasma to relativistic velocities, leading
to electron-trapping in the electrostatic waves when v ≃
vp ∼ c. In the wave frame, the relativistic electrons
would be accelerated over at most half a wavelength in
the wave-frame, after which it starts to be decelerated.
Thus, the acceleration length is
lacc ≃ λpc
2|c− vp| ≃ γ
2
pλp = λ
(
ω
ωp
)3
, (25)
where γp = 1/
√
1− v2p/c2 = ω/ωp is the Lorentz factor
of the wakefield wave related to the observer frame, and
vp ≃ vEMg = c
√
1− ω2p/ω2. The above equation gives the
maximum acceleration length in the uniform plasma.
For a ≪ 1, the wakefield wave is a simple sinusoidal
oscillation with a wavelength λp. However, in the ul-
trarelativistic limit in which the amplitude of the elec-
tromagnetic wave pulse satisfies a ≫ 1, the wakefield
wave would be nonlinear, allowing Emax > E0 and an a-
dependent wavelength λp (Sprangle et al. 1990a,b). For
a square electromagnetic pulse profile with a ≫ 1, the
maximum electric filed of the wakefield wave is
Emax ∼ a
2
√
1 + a2
E0 ∼ aE0, (26)
and the wavelength of the wakefield wave is
λNp ∼ λp
(
Emax
E0
)
∼ aλp (27)
for Emax ≫ E0, where λp = 2pic/ωp (Sprangle et al.
1990a,b; Esarey et al. 2009). The amplitude of the longi-
tudinal oscillation would be enhanced if the pulse length
is roughly matched to the wavelength of the wakefield
wave, i.e.
cτ ∼ λNp ∼ 2pica
ωp
. (28)
For an FRB with a duration τ ≃ 1 ms, the typical elec-
tron number density for an enhanced wakefield wave is
ne ≃ pimea
2
e2τ2
≃ 0.01 cm−3a2
( τ
1 ms
)−2
. (29)
In order to make relativistic electrons accelerated over at
most half a wavelength in the wave-frame, the accelera-
tion length is required to be
lacc ≃ γ2pλNp = a2λ
(
ω
ωp
)3
(30)
where γp = 1/
√
1− v2p/c2 ≃ a1/2ω/ωp is the Lorentz
factor of the wakefield wave in the observer frame, and
vp ≃ vEMg = c
√
1− ω2p/γω2 according to Eq.(14).
In the above discussion, a uniform and large-scale
plasma without magnetic field is assumed. However, in
the real ISM with inhomogeneous gas density and mag-
netic field, the above maximum acceleration length is
likely significantly suppressed. The reason is as follows:
(i) In the ISM, the coherent length lcoh corresponding
to the critical electron number density with ne given by
Eq.(23) or Eq.(29) is finite. For lcoh ≪ lacc, the maxi-
mum acceleration length becomes ∼ lcoh. (ii) Due to the
magnetic field in the ISM, the electrons would be accel-
erated by the electric field along the magnetic field line,
if the Larmor radius of electrons satisfies rL ≪ lacc. The
former is rL = γmec
2/eB = 1.7× 109 cm γ(B/1 µG)−1.
One can see the condition rL ≪ lacc is readily satisfied.
Assume that the angle between the electric field and the
magnetic field is θ. For the ISM with a random magnetic
field, the electrons will be accelerated along the magnetic
field line, and the acceleration length becomes
lacc,B ≃ λp,ac
2|c 〈cos θ〉 − vp| . (31)
where λp,a ≡ λp for a ≪ 1 and λp,a ≡ λNp for a ≫ 1.
Since 〈cos θ〉 ≃ 1/2 for a random field and vp ≃ c, one has
lacc,B ∼ λp for a≪ 1 and lacc,B ∼ λNp ∼ aλp for a≫ 1.
Thus lacc,B is much less than lacc given by Eq.(25) and
Eq.(30). For both a≪ 1 and a≫ 1, the electrons could
be accelerated to γ ∼ eEmaxlacc,B/mec2 ∼ 2pia2 by the
wakefield wave, but the corresponding synchrotron radi-
ation from accelerated electrons is extremely low. There-
fore, the acceleration from the wakefield wave would be-
come inefficient due to the external magnetic field. Such
an effect is too weak to be observationally interesting
4. CONCLUSIONS AND DISCUSSION
The strong-wave problem has been solved in the clas-
sical theory for a point charge (Sarachik & Schappert
1970) and in the quantum theory (Brown & Kibble
1964). In strong waves, electrons would be acceler-
ated to relativistic velocities, leading to modifications
of the classical plasma properties (e.g. Sprangle et al.
1990a,b), including self-induced transparency, relativis-
tic self-focusing and wakefield acceleration. These effects
have been extensively applied to the laser-driven plasma
acceleration experiments, as reviewed by (Gibbon 2005;
Esarey et al. 2009; Macchi 2013; Macchi et al. 2013).
Similar to laser propagation in plasma, the strong-wave
effect can also play a significant role in the astrophysical
FRBs as strong waves interacted with ambient medium 7
processes, especially when strong radiation propagating
in a dense near-source plasma. In this work, we dis-
cuss FRBs as strong waves interacting with the ambient
medium. When an FRB propagates at r . a few AU
near the source, the electric field of the electromagnetic
waves is so large that the electron oscillation velocity be-
comes relativistic, which makes the classical Thomson
scattering theory and the the linear plasma theory in-
valid.
For a free electron under strong waves with a ≫ 1,
its motion would significantly deviate from the harmonic
motion in the classical Thomson scattering theory, be-
cause the Lorentz force is almost equivalent to the elec-
tric force, i.e. (e/c)(v × B) ∼ eE for v ∼ c. In this
case, the electron radiation power would be larger than
that given by the Thomson formula by a factor of a2,
i.e. σ ∼ a2σT, where σT is the Thomson scattering cross
section.
The plasma properties in strong waves are also dis-
cussed, including self-induced transparency, relativistic
self-focusing and electron acceleration in the wakefield
wave. Due to the nonlinear plasma properties, the effect
plasma frequency becomes ωp,eff ∼ a−1/2ωp. Thus, near
the FRB source, the plasma would be more transpar-
ent than the results predicted by the classical theory,
and the corresponding effective DM becomes smaller.
In particular, for a repeating FRB source, the brighter
bursts would have somewhat smaller DMs contributed
by the near-source plasma. The DMs from a few times
of the emission radii satisfies DM ∝ ν1/2S−1/2ν . On
the other hand, the nonlinear properties also cause
an intensity-dependent refractive index. For an FRB
with a structured beam, e.g., a decreasing intensity
as an angle from the beam axis, the radiation beam
would be relativistically self-focused in the near-source
plasma. For an electron number density ne & 2 ×
108 cm−3(θj/0.1)
2(ν/1 GHz)2, where θj is the intrin-
sic FRB beaming angle and ν is the FRB frequency,
the FRB beam would be squeezed by the self-focusing
effect. The above effects might be important in some
FRB models, such as the maser emission model in a rel-
ativistic outflow (Beloborodov 2017, 2019; Metzger et al.
2019), cosmic combs (Zhang 2017, 2018b), FRB gen-
eration and propagation in a pulsar magnetosphere
(Dai et al. 2017; Lu & Kumar 2018; Yang & Zhang 2018;
Wang et al. 2019; Wang & Lai 2019; Yang & Dai 2019),
etc. In these cases, the near-source plasma could be dense
close to the FRB emission region. If most FRBs are af-
fected by the squeezing effect, the true event rate density
would become higher than that constrained by the cur-
rent observations.
We thank Pawan Kumar and Wenbin Lu for valuable
comments and discussions and an anonymous referee for
constructive criticisms.
APPENDIX
APPENDIX A: DISPERSION RELATION OF STRONG WAVES IN PLASMA
In this section, we derive the dispersion relation of strong waves in plasma. First, we consider an electromagnetic
wave propagating along xˆ with the vector potential A(x, t). By noticing A = A⊥, the electron momentum in the
transverse yz plane is given by
dp⊥
dt
= eE +
e
c
(v ×B)⊥ = e
c
(
∂A
∂t
+ vx
∂A
∂x
)
=
e
c
dA
dt
, (A1)
leading to
d
dt
(
p⊥ − e
c
A
)
= 0. (A2)
Taking p⊥ = 0 and A = 0 at the initial time (assuming that the turn-on time is arbitrarily long, e.g., adiabatic rising),
one finally has
p⊥ = γmev⊥ =
e
c
A, (A3)
where γ is the electron Lorentz factor in the observer frame. On the other hand, according to Maxwells equations, the
electromagnetic wave equation satisfies
∇2A− 1
c2
∂2A
∂t2
= −4pi
c
J +∇(∇ ·A) + 1
c
∇∂φ
∂t
. (A4)
Split the current J into J‖ and J⊥, i.e., J = J‖+J⊥. Applying the Coulomb gauge∇·A = 0 and J‖ = (1/4pi)∇(∂φ/∂t),
one finally has
∇2A− 1
c2
∂2A
∂t2
= −4pi
c
J⊥. (A5)
According to Eq.(A3), the current J⊥ is
J⊥ = −neev⊥ = −nee
2A
γmec
. (A6)
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Therefore, the electromagnetic wave equation could be written as
∇2A− 1
c2
∂2A
∂t2
=
4pinee
2
γmec2
A. (A7)
Assuming that the wave satisfies A ∝ sin(ωt − kx) and defining ω2p = 4pie2ne/me, one finally obtains (e.g. Gibbon
2005; Macchi 2013)
ω2 = k2c2 +
ω2p
γ
. (A8)
This is the dispersion relation of an strong wave propagating in a plasma, which depends on the electron Lorentz factor
γ in details.
Different from free electrons that have relativistic drift velocity, in plasma the space-charge potential was important
in preventing the drift of electrons in the direction of the incident electromagnetic wave (Waltz & Manley 1978). For
an electron moving under a circularly polarized wave, the electron Lorentz factor is constant, i.e. (e.g. Macchi 2013)
γ =
√
1 +
a2
2
. (A9)
Therefore, for the strong circularly polarized waves, the dispersion relation is similar to the classical one with ωp →
ωp/
√
γ, where γ = (1 + a2/2)1/2.
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